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Physics of Cosmic Plasma:
Classics, Practice, Perspectives

Preface

This book is addressed to young people without a background in plasma
physics; it grew from the lectures given many times in the Faculty of General
and Applied Physics at the Moscow Institute of Physics and Technics (the
well known ‘fiz-tekh’) since 1977. A similar full-year course was also offered
to the students of the Astronomical Division of the Faculty of Physics at the
Moscow State University over the years after 1990. A considerable amount of
new material, related to modern astrophysics, has been added to the lectures.
So the contents of the book can hardly be presented during a one-year lecture
course, without additional seminars.

In fact, just the seminars with the topics ‘how to make a cake’ were
especially pleasant for the author and useful for students. In part, the text
of the book retains the imprint of the seminar form, implying a more lively
dialogue with the reader and more visual representation of individual notions
and statements. At the same time, the author’s desire is that these digres-
sions from the academic language of the monograph will not harm the rigour
of presentation of this textbook’s subject — the physical and mathematical
introduction to cosmic plasma physics.

The idea of the book is not typical for the majority of textbooks on cosmic
plasma physics. Its idea is

the consecutive consideration of physical principles, starting from
the most general ones, and of simplifying assumptions which give
us a simpler description of plasma under cosmic conditions.

Thus I would recommend the students to read the book straight through
each chapter to see the central line of the cosmic plasma physics, its classic
fundamentals. In so doing, the boundaries of the domain of applicability

xvil
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of the approximation at hand will be outlined from the viewpoint of physics
rather than of many possible astronomical applications. After that, as an aid
to detailed understanding, please return with pencil and paper to work out
the missing steps (if any) in the formal mathematics.

On the basis of such an approach the student interested in modern astro-
physics, its current practice, will find the answers to two key questions: (1)
what approximation is the best one (the simplest but sufficient) for descrip-
tion of a phenomenon in cosmic plasma; (2) how to build an adequate model
for the phenomenon, for example, a solar flare. Practice is really important
for understanding the theory of cosmic plasma. Related exercises (problems
and answers supplemented to each chapter) to improve skill do not thwart
the theory but serve to better understanding of cosmic plasma physics.

As for the applications, preference evidently is given to physical processes
in the solar plasma. Why? — Much attention to solar plasma physics is con-
ditioned by the possibility of the all-round observational test of theoretical
models. This statement primarily relates to the processes in the solar atmo-
sphere. For instance, flares on the Sun, in contrast to those on other stars as
well as a lot of other analogous phenomena in the Universe, can be seen in
their development, i.e. we can obtain a sequence of images during the flare’s
evolution, not only in the optical and radio ranges but also in the ultraviolet,
soft and hard X-ray ranges.

This book is mainly intended for students who have mastered a course of
general physics and have some initial knowledge of theoretical physics. For
beginning students, who may not know in which subfields of space physics
they wish to specialize, I believe ‘

it is better to cover a lot of fundamental theories thoroughly than
to dig deeply into any particular astrophysical subject or object,

even a very interesting one, for example black holes. Astronomers, or astro-
physicists, of the future will need tools that allow them to explore in many
different directions. Moreover, astronomy of the future will be, more than
hitherto, precise science similar to mathematics, physics or plasma physics.

The beginning graduate students are usually confronted with a confusing
amount of work on cosmic plasma physics published in a widely dispersed
literature. Knowing this difficulty, the author has tried as far as possible to
represent the material in a self-contained form which does not require the
reading of additional literature. However, there is an extensive bibliography
in the end of the book, allowing one to find the original works. In many cases,
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particularly where a paper in Russian is involved, the author has aimed to
give the full bibliographic description of the work, including its title, etc.

Furthermore, the book contains recommendations as to introductory (un-
avoidable) reading needed to refresh the memory about a particular fact, as
well as to additional (futher) reading to refine one’s understanding of the sub-
ject. Separate remarks of an historical character are included in many
places. It is sometimes simpler to explain the interrelation of discoveries by
representing the subject in its development. It is the author’s opinion that
the outstanding discoveries in cosmic plasma physics are by no means gov-
erned by chance. With the same thought in mind, the author gives preference
to original papers on a topic under consideration; it happens in science, as in
art, that an original is better than nice-looking modernizations.

The majority of the book’s chapters begin from an ‘elementary account’
and illustrative simple examples but finish with the most modern results of
scientific importance. New problems determine the most interesting perspec-
tives of cosmic plasma physics as a new developing science. The author hopes,
in this context, that professionals in the field of cosmic plasma physics and
adjacent sciences will enjoy reading this book too. Open issues are the focus
of our attention in many places where they are. In this way, perspectives
of the cosmic plasma physics with its many applications will be also of
interest for readers.

The author is grateful to his young colleagues Sergei A. Bogachev, Sergei
V. Diakonov, Yuri E. Litvinenko, Sergei A. Markovskii, Anna V. Oreshina,
Inna V. Oreshina, Alexandr I. Podgornii, Yuri I. Skrynnikov, Andrei R. Spek-
tor, Vyacheslav S. Titov, and Alexandr I. Verneta for generous help and valu-
able remarks. He is also happy to acknowledge helpful discussions with many
of his colleagues in the world.

Moscow, 2000 Boris V. Somov



Introduction
History and Neighbours

Cosmic plasma physics studies electromagnetic processes and phenomena in
space, mainly the role of forces of an electromagnetic nature in the dynamics
of cosmic matter. Two factors are specific to the latter: its gaseous state and
high conductivity. As you know, such a combination is unlikely to be found
under natural conditions on earth; the matter is either a non-conducting gas
(the case of gas dynamics or hydrodynamics) or a liquid or a solid conductor.
By contrast, plasma is the main state of cosmic matter. It is precisely
the poor knowledge of cosmic phenomena and cosmic plasma properties that
explains the retarded development of cosmic electrodynamics. It has been
distinguished as an independent branch of physics in the pioneering works of
Alfvén (see Alfvén, 1950).

Soon after that, the problem of thermonuclear reactions initiated a great
advance in plasma research (e.g., Simon, 1959; Glasstone and Loveberg, 1960;
Leontovich, 1960). This branch has been developing rather independently,
although being partly ‘fed’ by astrophysical ideas. They contributed to the
growth of plasma physics, for example, the idea of stelarators. Presently, the
reverse influence of laboratory plasma physics on cosmic electrodynamics is
also important.

From the physical viewpoint,

cosmic plasma physics is a part of plasma theory related in the first
place to the dynamics of a high-conductivity plasma in space.

However it is this part that is the most poorly studied one under laboratory
conditions. During the 1930s, scientists began to realize that the Sun and
other stars are powered by nuclear fusion and they began to think of re-
creating the process in the laboratory. The ideas of astro- and geophysics
dominate here, as before. At present time, they mainly come from many

1
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2 Introduction

space experiments and fine astronomical observations. From this viewpoint,
physics of cosmic plasma belongs to experimental science.

Magnetic fields are easily generated in the cosmic plasma owing to its
high conductivity. The strongest magnets in the Galaxy are presumably the
so-called magnetars, the highly magnetized (with the strength of the field
of about 10'® G) neutron stars formed in the supernova explosions. The
energy of magnetic fields is accumulated in cosmic plasma, and the sudden
release of this energy — an original electrodynamical ‘burst’ or ‘explosion’ —
takes place under definite but quite general conditions (Peratt, 1992; Kivelson
and Russell, 1995; Rose, 1998). It is accompanied by fast directed plasma
ejections, powerful flows of heat and radiation and impulsive acceleration of
particles to high energies.

This phenomenon is quite a widespread one. It can be observed in flares
on the Sun and other stars (e.g., Haisch, Strong, and Rodono, 1991), in
the Earth’s magnetosphere as magnetic storms and substorms (Nishida
and Nagayama, 1973; Tsurutani et al, 1997; Kokubun and Kamide, 1998;
Nagai et al., 1998; Nishida, Baker, and Cowley, 1998), in nuclei of active
galaxies and quasars (e.g., Ozernoy and Somov, 1971; Begelman, Blandford
and Rees, 1984). However, this process, while being typical of cosmic plasma,
can be directly and fully studied on the Sun.

We observe how magnetic fields are generated (strictly speaking, how they
come to the surface of the Sun, called the photosphere). We observe the de-
velopment of solar flares and other non-stationary large-scale phenomena,
such as coronal transients, coronal mass ejections into the interplanetary
medium (e.g., Crooker, Joselyn, and Feynman, 1997), by means of ground
observatories (in radio and optical wavelength ranges) and spaceships (prac-
tically in the whole electromagnetic spectrum). For example, the Yohkoh
two telescopes working in soft and hard X-ray bands, respectively, allow us
to study the creation and development of non-steady processes in the solar
atmosphere (Ichimoto et al., 1992; Tsuneta et al., 1992; Tsuneta, 1993).

The LASCO experiment on board the SOHO satellite makes observations
of such events in the solar corona out to 30 solar radii. Moreover, SOHO
is equipped with an instrument, the MDI magnetograph, for observing the
surface magnetic fields of the Sun. Following SOHO, the satellite TRACE
was launched to obtain high spatial resolution X-ray images (see Golub et
al., 1999). With the solar maximum approaching, we have an unprecedented
opportunity to use the three satellites for coordinated observations.

The link between the solar flares observed and topology of the magnetic
field in active regions, in which these flares occured, was investigated by
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Gorbachev and Somov (1989, 1990). They developed the first model of an
actual flare, the flare on 1980, November 5, and have shown that the all
characteristic features of this flare can be explained by the presence of a
current sheet formed on the so-called separator which is the intersection of
the separatrix surfaces. In particular, the flare ribbons in the chromosphere as
well as the ‘intersecting’ soft X-ray loops in the corona are the consequences
of a topological structure of a magnetic field near the separator.

An increasing number of investigations clearly relates the location of a
chromospheric flare — the flare’s manifestation in the solar chromosphere —
with the topological magnetic features of active regions (Mandrini et al.,
1991 and 1993; Démoulin et al., 1993; Bagala et al., 1995; Longcope and
Silva, 1998). In all these works it is confirmed that the flares can be con-
sidered as a result of the interaction of large-scale magnetic structures; the
authors derived the location of the separatrices — surfaces that separate cells
of different field line connectivities — and of the separator.

These studies strongly support the concept of magnetic reconnection
in solar flares (Giovanelli, 1946; Dungey, 1958; Sweet, 1958). Solar observa-
tions with the Hard X-ray Telescope (HXT) and the Soft X-ray Telescope
(SXT) on board the Yohkoh satellite clearly showed that

the reconnection process is common to impulsive (compact) and
gradual (large scale) solar flares

(e.g., Masuda et al., 1994, 1995). However, in the interpretation of the Yohkoh
data, the basic physics of magnetic reconnection in the solar atmosphere
remained uncertain (see Kosugi and Somov, 1998). Significant parts of the
book are devoted to the physics of the reconnection process, a fundamental
feature of cosmic and laboratory plasmas.

Solar flares and coronal mass ejections strongly influence interplanetary
and terrestrial space by virtue of shock waves, hard electromagnetic radiation
and accelerated particles (e.g., Kivelson and Russell, 1995). That is why the
problem of ‘weather and climate’ prediction in near space becomes more and
more important. The term ‘near space’ refers to the space that is within
the reach of orbiting stations, both manned and automated. The number
of satellites (meteorological, geophysical, navigational ones) with electronic
systems sensitive to the ionizing radiation of solar flares is steadily growing.

It is no mere chance that solar flares and coronal mass ejections are of
interest to physicians, biologists and climatologists. Flares influence not only
geospace — the terrestrial magnetosphere, ionosphere and upper atmosphere
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(Hargreaves, 1992; Horwitz, Gallagher, and Peterson, 1998) but also the bio-
sphere and the atmosphere of the Earth. They are therefore not only of pure
scientific importance; they also have an applied or practical relevance.
However, the latter aspect is certainly beyond the scope of this book.

The subject of the present book is the systematic description of the most
important topics of cosmic plasma physics. However, the aim of the book
is not the strict substantiation of the main principals and basic equations
of modern plasma physics; this can be found in many wonderful mono-
graphs (Balescu, 1963; Liboff, 1969; Lifshits and Pitaevskii, 1981; Klimon-
tovich, 1986, Schram, 1991). There are also many nice textbooks (Boyd
and Sanderson, 1969; Goldston and Rutherford, 1995; Parks, 1991; Stur-
rock, 1994; Choudhuri, 1998) to learn general plasma physics without or
with some astrophysical applications.

The primary aim of the book in your hands is rather the solution of a
much more modest but still important problem, namely to help the students
of astrophysics to understand the interrelation and limits of applicability
of different approximations which are used in cosmic electrodynamics. If, on
his/her way, the reader will continously try, following the author, to reproduce
all mathematical transformation, he/she finally will find the pleasant feeling
of real knowledge of the subject and the real desire for constructive work in
the physics of cosmic plasmas.

The author believes that the book will help the young reader to master
the modern methods of cosmic plasma physics and will teach the application
of these methods while solving concrete problems in the physics of the Sun
and many other astronomical objects. A good working knowledge of cosmic
plasma physics is essential for the modern astrophysicist.



Chapter 1

Particles and Fields: Exact
Self-Consistent Description

There exist two different ways to describe ezactly the behaviour of
a charged particle system in electromagnetic and gravitational fields.
We discuss both of them in this chapter.

1.1 Charged Particles in the Electromagnetic Field

1.1.1 A general formulation of the problem

Maxwell’s equations for the electric field E and magnetic field B are well
known to have the form ‘(e.g., Landau and Lifshitz, Classical Theory of
Field, 1971, Ch. 4):

47 10E
B=—j+-— .
curl o Rovelt (L.1)
10B
curl E = —E_BT’ (12)
divB =0, (1.3)
divE = 47mp1. (1.4)

The fields are completely determined by electric charges and electric currents.
Note that, in general, Maxwell’s equations imply the continuity equation for
electric charge (see Problem 1.1) as well as the conservation law for electro-
magnetic field energy (Problem 1.2).

5
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6 Chapter 1. Particles in Electromagnetic Field

€1 o * e.i d Figure 1.1: A system of
o ~ v;(t) N charged particles.
ri(t)
¢ o &y
0
Let there be N particles with charges e, e, ... €;, ...e,, coordinates r;(t)

and velocities v;(t), see Figure 1.1. By definition, the electric charge density
N
pd(r,t) = Z ei 0 (r —r;i(t)) (1.5)
i=1
and the density of electric current
N
j(r,t) = Z ei vi(t) 6 (r — ry(2)) . (1.6)
i=1

The delta function of the vector-argument is defined as usually (see definition
and properties in Vladimirov, 1967, Ch. 2):

§(r —ri(t)) = ﬁ 60 =6 (10 - ra(t)) 8 ('ry - r;(t)) 5 (r, - r;'(t)) . (1)
a=1

The coordinates and velocities of particles can be found by integrating
the equations of motion — the Newton equations:

. dr,- .
r, = E‘ = Vz(t) y (18)
v; = dd‘t,i = mi, ei | E(ri(t)) +% v; xB (ri(t))] . (1.9)

Let us count the number of unknown quantities: the vectors B, E, r;,
and v;. We obtain: 3+ 3+ 3N + 3N =6 (N +1). The number of equations
is equal to 8 + 6N = 6 (N + 1) + 2. Therefore two equations seem to be
unnecessary. Why is this so?

1.1.2 The continuity equation for electric charge

Let us make sure that the definitions (1.5) and (1.6) conform to the conser-
vation law for electric charge. Differentiating (1.5) with respect to time gives



1.1. Initial Equations 7

(see Problem 1.3)

q .
‘% = -3 edLrl. (1.10)
1

Here the index @ = 1,2, 3 or (z,v, 2). The prime denotes the derivative with
respect to the argument of a function, the overdot denotes differentiation
with respect to time ¢. Summation over the repeated index a (contraction)
is implied: _ . ‘ .

8o Ta = 0pTg+ 0,7y + 0,77
For the electric current density (1.6) we have the divergence

divj = aaTj" = eividy. (1.11)
a )

Comparing formula (1.10) with (1.11) we see that

op? . .
W“}‘dlv_]—o.

(1.12)

Therefore the definitions for p9 and j conform to the continuity Equa-
tion (1.12).

As we shall see it in Problem 1.1, conservation of electric charge follows
also directly from the Maxwell Equations (1.1) and (1.4). The difference is
that above we have not used Equation (1.4).

1.1.3 Initial equations and initial conditions

Operating with the divergence on Equation (1.1) and using the continuity
Equation (1.12) we obtain

_4m ([ 0p9 10 .
0—?(—7) "r—c"a—tleE.

Thus, by postulating the definitions (1.5) and (1.6), by virtue of the continuity
Equation (1.12) and without using the Maxwell Equation (1.4), we find that

—g—t(divE—41rpq)=0. (1.13)

Hence Equation (1.4) will be valid at any moment of time, provided it is true
at the initial moment.
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Operate with the divergence on Equation (1.2):

0
—divB=0. .
Y div 0 (1.14)
We come to the conclusion that the Equations (1.3) and (1.4) play the role
of initial conditions for the time-dependent equations

0

—B=- E .
5 ¢ curl (1.15)

and

0
aE=+ccurlB—41rj. (1.16)
Equation (1.3) implies the absence of magnetic charges or, which is the same,
the solenoidal character of the magnetic field.

Thus, in order to describe the gas consisting of N charged particles, we
consider the time-dependent problem of N bodies with a given interaction

law.

The electromagnetic part of the interaction is described by
Maxwell’s equations, the time-independent scalar equations play-
ing the role of initial conditions for the time-dependent problem.

Therefore the set consisting of eight Maxwell’s equations and 6 N Newton’s
equations is neither over- nor underdetermined. It is closed with respect
to the time-dependent problem, i.e. it consists of 6 (N + 1) equations for
6 (N + 1) variables, once the initial and boundary conditions are given.

1.1.4 Cosmic plasma applications

The set of equations described above can be solved analytically in just three
cases:

1. N = 1, the motion of a charged particle in a given electromagnetic
field, for example, drift motions and the so-called adiabatic invariants,
wave-particle interaction and the problem of particle acceleration in
space plasma; see Chapters 4, 5, 13, 16, and 18.

2. N =2, Coulomb collisions of two charged particles. This is important
for the kinetic description of physical processes, for example, the kinetic
effects under propagation of accelerated particles in cosmic plasma, col-
lisional heating of plasma by a beam of accelerated electrons or/and
ions, see Chapters 3 and 6.
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3. N — o0, a very large number of particles. This case is the frequently
considered one in cosmic electrodynamics, because it allows us to in-
troduce statistical and macroscopic descriptions of space plasma, the
widely-used magnetohydrodynamic (MHD) approximation; see Chap-
ters 2, 7, and 8.

Numerical integration of Equations (1.1)-(1.9) in the case of large but
finite N, like N ~ 3 x 108, is possible by using powerful modern computers.
Such computations called ‘particle simulations’ have proved to be increasingly
useful for understanding physics of cosmic plasma. One important example
of a simulation is magnetic reconnection in a collisionless plasma (Horiuchi
and Sato, 1994, 1997; Cai and Lee, 1997). This process often leads to fast
energy conversion from field energy to particle energy as well as a topological
change of magnetic field in cosmic plasma; see Chapters 16 to 18.

Note also that the set of equations described above can be generalized
to include consideration of neutral particles. This is necessary, for instance,
in the study of the generalized Ohm’s law (Chapter 7) which can be ap-
plied in the investigation of physical processes in the solar photosphere and
prominences (Sections 21.2 and 21.3). Dusty and self-gravitational plasmas
in space are interesting in view of the diverse and often surprising facts about
planetary rings and comet environments (e.g., Bliokh et al., 1995).

1.1.5 Gravitational systems

Gravity plays a central role in the dynamics of many astrophysical systems
— from stars to the Universe as a whole (e.g., Lahav et al., 1996; Rose, 1998;
Bertin, 1999). It is important for astrophysical applications that a gravita-
tional force as well as an electromagnetic force acts on the particles:

m; ‘-'i = Fem —my V¢ (1.17)

Here the gravitational potential

¢(tr)—_§:_Gﬂ‘"_ n#i (1.18)
- ATNCETIk " '

G is the gravitational constant. We shall return to this subject many times,
for example, while studding the virial theorem in MHD (Chapter 14). This
theorem is widely used in astrophysics. In particular, it is applied in the
physics of the Sun for the analysis of equilibrium states of large-scale elec-
tric currents observed via their magnetic fields in the solar photosphere
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(Gopasyuk, 1990; Lin et al., 1993; Zhang, 1995; Wang et al., 1996) that
are thought to be the source of flare energy (see also Section 14.2).

Though the potential (1.18) of the gravitational interaction looks similar
to the Coulomb potential (see (6.1)),

| physical properties of gravitational systems differ so much from
properties of plasma.

We shall see this fundamental difference, for example, in Section 2.5.3.

1.2 Liouville’s theorem

1.2.1 Continuity in phase space

Let us introduce the distribution function

f=fx,vi) (1.19)

for particles as follows. Consider the six-dimensional space called phase space
X ={r,v}.

v b's
d’v dX
Figure 1.2: The six-dimensional
X phase space X. A small volume dX
at a point X.
d 3r
1 1
0 r

The number of particles present in a small volume dX = d3rd3v at a
point X (see Figure 1.2) at a moment of time ¢ is defined to be

dN(X,t) = f(X,t)dX. (1.20)

Accordingly, the total number of the particles at this moment is

N(t)=/f(X,t)dXE//f(r,v,t)d3rd3v. (1.21)
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If, for definiteness, we use Cartesian coordinates, then
X ={z,v, 2z, vz, vy, v, }
is a point of the phase space (Figure 1.3) and
X = {vg, Vy, Uz, Uz, Uy, Uz } (1.22)

is the velocity of this point in the phase space.

S
X .-——"").( / J
T ds
U
Figure 1.3: The six-dimen-
sional phase space X. The
volume U is enclosed by the
surface S.
0 r

Suppose the coordinates.and velocities of the particles are changing contin-
uously — ‘from point to point’. This corresponds to a continuous motion of
the particles in phase space and can be expressed by the continuity equation:

%wa(j(f):o

(1.23)

or

% + divy (Vf) +divy (Vf) =0.

Equation (1.23) expresses the conservation law for the particles, since the
integration of (1.23) over a volume U enclosed by the surface S gives

F) .
= [ fdx + [ divx (Xf)dX =
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by virtue of definition (1.20) and the Ostrogradskii-Gauss theorem

. )
U+S/(Xf)dS 9 N

0
=m0 ot

+/J dS=0. (1.24)

Here J = X f is the particle flux density in phase space. Thus

a change of the particle number in a given phase space volume U is
defined by the particle flux through the boundary surface S only.

The reason is clear. There are no sources or sinks for the particles inside the
volume.

1.2.2 The character of particle interactions

Let us rewrite Equation (1.23) in another form in order to understand the
meaning of divergent terms. The first of them is

dive (vf) = fdive v+ (v- Vi) f=0+ (v Vy) f,

since r and v are independent variables in phase space X. The second diver-
gent term is
divy (Vf) = fdivyv+v-Vy f.
So far no assumption has been made as to the character of particle inter-

actions. It is worth doing here. Restrict our consideration to the interactions
with

divy v =0,
(1.25)
then Equation (1.23) can be rewritten in the equivalent form:
of F
8t+ - Vy f+— Vef=0
or
0
3{ +XVxf=0, (1.26)
h
where ' F, F, F
X = Ugy Uy, Vzy — 5 — — (-
m’ m’ m

Having written that, we ‘trace’ the particle phase trajectories. Thus Liou-
ville’s theorem is found to have the following formulation:

of

F
8t+v Vrf+g'vvf—0- (1'27)
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Liouville’s theorem: The distribution function remains constant on
particle phase trajectories if condition (1.25) is satisfied.

We shall call Equation (1.27) the Liouville equation. Let us define also
the Liouville operator
D 0 . 0 0 F
—=—4+X—=— Ve +—-Vy. 1.2
Di- o “ax ot Y VT, Yy (1.28)
This operator is just the total time derivative following a particle motion in
the phase space X. By using definition (1.28), we rewrite Liouville’s theorem
as follows:

Df
ot
(1.29)
v (@) v (b)
Jvﬁ
J,
= v |[=> F | dXx
J,
dX
JV
0 r 0 r

Figure 1.4: Action of the two different terms of the Liouville operator in the
six-dimensional phase space X.

What factors lead to the changes in the distribution function? Let dX be
a volume element in the phase space X. The second term in Equation (1.27),
v-V; f, means that the particles go into and out of the phase volume element
considered, because their velocities are not zero (Figure 1.4a). So, this term
describes a simple kinematic effect. The third term, (F/m) - Vy f, means
that the particles escape from the phase volume element dX or come into
this element due to their acceleration or deceleration under the influence of
forces (Figure 1.4b).
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1.2.3 The Lorentz force, gravity

Recall that the forces have to satisfy condition (1.25). Rewrite it as follows:
06s _ 1 OFs _

dve m Oug 0
o oF,
a —
Bon 0. (1.30)

In other words, the component of the force F, (a = 1,2, 3) should not depend
upon the velocity component v,. This is a sufficient condition.
The classical Lorentz force

1
Fa=e|Ba+ -(vxB)a (1.31)

obviously has that property. The gravitational force in the classical approxi-
mation is entirely independent of velocity.
1.2.4 Collisional friction in plasma

As a contrary example consider the friction force (cf. formula (6.61) for the
collisional drag force in plasma):

F=-kv, (1.32)

where the constant £ > 0. In this case the right-hand side of Liouville’s
equation is not zero:

—fdivyv= —fdiv‘,E = %f,
m m
b
ecause s
5;)— = Jaa = 3 .
a
Instead of Liouville’s equation we have
D 3k
F{=_T;f>0. (1.33)

The distribution function (that is the particle density) does not remain con-
stant on particle trajectories but increases as the time elapses. In the opera-
tional sense, along the phase trajectories, it increases exponentially:

f(t,r,v) ~ f(0,r,v) exp (% t) . (1.34)
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The physical sense of this phenomenon is obvious. As the particles are decel-
erated by the friction force, they move down in Figure 1.5. By so doing, they
are concentrated in the constantly diminishing region of phase space situated
in the vicinity of the axis v = 0.

There is a viewpoint that the Liouville theorem is valid for the forces
that do not disperse particle velocities (Shkarofsky, Johnston, and Bachyn-
ski, 1966, Ch. 2). Why? It is usually implied that particle collisions enlarge
such a dispersion: divy, v > 0. So

—g—{- = (g—{)c = —fdivy v <0. (1.35)
In this case the right-hand side of Equation (1.35) is called the collisional
integral (see Sections 2.1 and 2.2). In contrast to the right-hand side of (1.33),
that of Equation (1.35) is usually negative.

The above example of the friction force is instructive in that it shows how
the forces that are diminishing the velocity dispersion (divy v < 0) lead to
the violation of Liouville’s theorem; in other words, how they lead to a change
of the distribution function along the particle trajectories. For the validity of
Liouville’s theorem only the condition (1.25) is important; the divergence
of the forces acting in the velocity space has to equal zero. The sign
of this divergence is unimportant. So, in general, Liouville’s theorem is valid
for conservative forces and magnetic fields (e.g., Shkarofsky, Johnston, and
Bachynski, 1966).
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1.3 The exact distribution function

Let us consider another property of the Liouville theorem. Introduce the
N-particle distribution function of the form

f(t,r,v) Z 0 (r—ri(t)) 6 (v—vi(t)). (1.36)

We shall call such a distribution function the ezact one. Substitute this
expression for the distribution function in Equation (1.27). The resulting
three terms are

9f 2(1 (r —ri(t)) 748 (v = vi(t)) +
+Z (r —ri(t)) 6& (v —vi(t)) 'bci’
v-V.f E Z'Ua (r —ri( ))6(V—vi(t))1

F :_ F. Of Fy '
;‘n“vv = —777%; = ZZ: Eé(r_ri(t)) 6a(v_vi(t)) .

The sum of these terms equals zero. It can occur just then that all the
coefficients of different delta function arguments equal zero as well. From
this we find

drl o dv} 1

=), R = o Fa ), vilt) (1.37)

Thus

the Liouville equation for an exact distribution function is equivalent
to the Newton set of equations for a particle motion, both describing
a purely dynamic behaviour of the particles.

It is natural, since this distribution function is exact. No statistical averaging
has been done so far. It is for this reason that both descriptions — namely,
the Newton set and the Liouville theorem for the exact distribution function
— are dynamic (as well as reversible, of course) and equivalent. Statistics will
appear in the next Chapter when, instead of the exact description of a system,
we begin to use some mean characteristics such as temperature, density etc.
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This is the statistical description that is valid for systems containing a large
number of particles.

We have shown that finding a solution of the Liouville equation for an
exact distribution function is the same as the integration of the motion equa-
tions. Therefore, for systems of large numbers of particles, it is more advan-
tageous to deal with the single Liouville equation which describes the entire
system.

Recommended Reading: Landau and Lifshitz, Mechanics (1960) Ch. 2
and 7; Landau and Lifshitz, Statistical Physics (1959) Ch. 1, § 1-3.

1.4 Practice: Problems and Answers

Problem 1.1. Show that Maxwell’s equations imply the continuity equation
for the electric charge.
Answer. Operating with the divergence on Equation (1.1), we have
4T 10
0=—divj+ - —divE.

- 1]+ Y v
Substituting (1.4) in this equation gives us the continuity equation for the
electric charge

apq—i—divj =0. (1.38)
Thus Maxwell’s equations conform to the charge continuity equation.

Problem 1.2. Starting from Maxwell’s equation, derive the energy conser-
vation law for an electromagnetic field.

Answer. Let us multiply Equation (1.1) by the electric field vector E
and add it to Equation (1.2) multiplied by the magnetic field vector B. The
result is

1_0E 1_0B 4
CE S B2 = _TSE-(B - )
cE Y +CB 5t - JE — (Bcurl E — E curl B)

By using the known formula from vector analysis

div [ax b]=bcurla—acurlb,

we rewrite the last equation as follows

1 0 /.9 9\ _ 4m. )
-2—655(E +B?) = —JE - div [E x B]
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or
9 —=W=—-JE-divG
ot ) '
(1.39)
Here R
+
W = — (1.40)
is the energy of electromagnetic field in a unit volume of space;
c
=—[ExB 141
G= - [ExB] (1.41)

is the flux of electromagnetic field energy through a unit surface in space, i.e.
the energy flux density for electromagnetic field. This is called the Poynting
vector.

The first term on the right-hand side of Equation (1.39) is the power of
work done by the electric field on all the charged particles in the unit volume
of space. In the simplest approximation

d
evE—Eﬁ', (1.42)

where £ is the particle kinetic energy (see Equation (4.2)). Hence instead of
Equation (1.39) we write the following form of the energy conservation law:

o E2+B2 p’U2 ) c
E(T“LT +d1v(a [ExB])_O. (1.43)

Compare this simple approach to the energy conservation law for charged par-
ticles and an electromagnetic field with the more general situation considered
in Section 7.2.3.

Problem 1.3. Clarify the meaning of the right-hand side of Equation (1.10).
Answer. Substitute definition (1.7) of the delta-function in defini-
tion (1.5) of the electric charge density and differentiate the result over time ¢:

3 3 ) .
R DI OR

i=1 a=1

SR ) i) | dral®) 1.44
_Zezz —_mﬁl_l (rﬂ—rﬂ()) dt . ( )
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This is the right-hand side of Equation (1.10).

Problem 1.4. Show that any distribution function that is a function of
the constants of the motion — the invariants of motion — satisfies Liouville’s
equation (1.29).

Answer. A general solution of the equations of motion (1.37) depends
on 2N constants C; where i =1, 2, ... 2N. If we assume that the distribution
function is a function of these constants of the motion

f=rf(Cy, ...C;, ...CoN ), (1.45)

we can rewrite the left-hand side of Equation (1.29) as
pf ¥ DC,~> of
Di =2 (%) (5) (146)

Because C; are constants of the motion, DC;/Dt = 0. Therefore the right-
hand side of Equation (1.46) is also zero, and the distribution function (1.45)
satisfies the Liouville equation. This is the so-called Jeans theorem. It will be
used, for example, in the theory of wave-particle interaction in cosmic plasma
(Section 5.1).

Problem 1.5. Rewrite the Liouville theorem by using the Hamilton equa-
tions instead of the Newton equations.

Answer. Rewrite the Newton set of the motion Equations (1.37) in the
Hamilton form (e.g., Landau and Lifshitz, Mechanics, 1960, Ch. 7, § 40):

q}lzg%, Pa=—27}£ (a=1,2,3), (1.47)

where H (P, q) is the Hamiltonian of the system under consideration, g, and
P, are the generalized coordinates and momemta, respectively.

Let us substitute the variables r and v in the Liouville equation (1.27) by
the generalized variables q and P. By doing so and using Equations (1.47),
we obtain the following form of the Liouville equation

-‘Z{-+VPH-vqf—qu-vpf=o. (1.48)

Because of symmetry of the last equation, it is convenient here to use the
Poisson brackets (see Landau and Lifshitz, Mechanics, 1960, Ch. 7, § 42).
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Recall that the Poisson brackets for arbitrary quantities A and B are defined
to be s
0A OB 0A OB
A, B]= — . 1.4
[ ’ ] az:%<a‘Ia 0P, OP, aQa) ( 9)

Appling definition (1.49) to Equation (1.48), we find the final form of the
Lioville theorem

of
5t +[f,H]=0.
(1.50)
Q.E.D. Note that for a system in equilibrium
[f,H]=0. (1.51)

Problem 1.6. Recall the Liouville theorem in a course of mechanics — the
phase volume is independent of ¢, i.e. it is the invariant of motion (e.g., Lan-
dau and Lifshitz, Mechanics, 1960, Ch. 7, § 46). Show that this formulation
is equivalent to Equation (1.29).



Chapter 2

A Statistical Description of
Cosmic Plasma

In a system which consists of many interacting particles, the sta-
tistical mechanism of ‘mixing’ in phase space works and makes the
system’s behaviour on average more simple.

2.1 The averaging of Liouville’s equation

2.1.1 Averaging over phase space

As was shown in the first chapter, the exact state of a system consisting
of N charged particles can be given by the ezact distribution function (see
definition (1.36)) in six-dimensional phase space X = {r,v}. This is defined
as the sum of é-functions in N points of phase space:

f(r,v,t) Z 0(r—ri(t) 6 (v—vs(t). (2.1)

Instead of the equations of motion, we use Liouville’s equation to describe
the change of the system state (Section 1.3):

of
at

Once the exact initial state of all the particles is known, it can be repre-
sented by N points in the six-dimensional phase space X (Figure 2.1). The
motion of these points is described by Liouville’s equation (1.27) or by the
6N equations of motion (1.37).

v v,f+E V. f=0. (2.2)
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r

Figure 2.1: Particle trajectories in the six-dimensional phase space X.

In fact we usually know only some average characteristics of the system’s
state, such as the temperature, density, etc. Moreover the behaviour of each
single particle is in general of no interest. For this reason, instead of the
exact distribution function (2.1), let us introduce the distribution function
averaged over a small volume AX of phase space, i.e. over a small interval of
coordinates Ar and velocities Av centered at the point (r,v), at a moment
of time ¢:

(Fr,v,t))x = Zlf / fX, 1) dX =
AX

=Ar1AV / f(x,v,t)d3rddv. (2.3)

Ar Av

Here d3r = dzdydz and d3v = dv, dvy dv,, if use is made of Cartesian
coordinates.

To put the same in another way, the mean number of particles present at
a moment of time ¢ in the element of phase volume AX is

(fr,v,t))x - AX = /f(r,v,t)dX.
AX

The total number N of particles in the system is the integral over the whole
phase space X.

Obviously the distribution function averaged over phase volume differs
from the exact one as shown in Figure 2.2.
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(a)
X

(b)

A
f

X

Figure 2.2: The one-dimensional analogy of the distribution function aver-
aging over phase space X: (a) the exact distribution function (2.1), (b) the
averaged function (2.3).

2.1.2 Two statistical postulates

Let us average the same exact distribution function (2.1) over a small time
interval At centred at a moment of time ¢:

(Fev0)= = [ Fov,0d. (24
At

We assume that the following two statistical postulates concerning systems
containing a large number of particles are applicable to the system considered.

The first postulate. The mean values { f) « and ( f)¢ exist for suffi-
ciently small AX and At and are independent of the averaging scales AX
and At.

Clearly the first postulate implies that the number of particles should be
large. For a small number of particles the mean value depends upon the aver-
aging scale: if, for instance, N = 1 then the exact distribution function (2.1)
is simply a d-function, and the average over the variable X is ( f) « =1/AX.
For illustration, the case (AX); > AX is shown in Figure 2.3.

The second postulate is

(FX,0))x = (F(X,0)) = f(X,1). (2.5)
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In other words, the averaging of the distribution function over phase space is
equivalent to the averaging over time.

While speaking of the small AX and At, we assume that they are not
too small: AX must contain a reasonably large number of particles while At
must be large in comparison with the duration of drastic changes of the exact
distribution function, such as the duration of the particle Coulomb collisions.
It is in this case that the statistical mechanism of particle ‘mixing’ in phase
space is at work and

I the averaging of the exact distribution function over the time At
is equivalent to the averaging over the phase volume AX.

2.1.3 A statistical mechanism of mixing in phase space

Let us try to understand qualitatively how the mixing mechanism works
in phase space. We start from the dynamical description of the N-particle
system in 6 N-dimensional phase space in which

F={r;,vi}, i=12,...N,

a point is determined (¢ = 0 in Figure 2.4) by the initial conditions of all the
particles. The motion of this point, that is the dynamical evolution of the
system, can be described by Liouville’s equation or equations of motion. The
point moves along a complicated dynamical trajectory because the interac-
tions in a many-particle system are extremely intricate and complicated.
The dynamical trajectory has a remarkable property which we shall il-
lustrate by the following example. Imagine a glass vessel containing a gas
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Figure 2.4: The dynamical trajectory of a system of N particles in the 6N-
dimensional phase space I'.

consisting of a large number N of particles (molecules or charged particles).
The state of this gas at any moment of time is depicted by a single point in
the phase space I'.

Imagine another vessel which is identical to the first one, with one excep-
tion, being that at any moment of time the gas state in the second vessel is
different from that in the first one. These states are depicted by two different
points in the space I'. For example, at ¢t = 0, they are points 1 and 2 in
Figure 2.5.

Figure 2.5: The trajectories of two systems never cross each other.

With the passage of time, the gas states in both vessels change, whereas
the two points in the space I' draw two different dynamical trajectories (Fig-
ure 2.5). These trajectories do not intersect. If they had intersected at just
one point, then the state of the first gas, determined by 6 N numbers (r;, v;),
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would have coincided with the state of the second gas. These numbers could
have been taken as the initial conditions which, in turn, would have uniquely
determined the motion. The two trajectories would have merged into one.
For the same reason the trajectory of a system cannot intersect itself. Thus
we come to the conclusion that

I one and only one dynamical trajectory passes through each point
of the phase space I'.

Since the trajectories differ in initial conditions, we can introduce an
infinite ensemble of systems (glass vessels) corresponding to the different
initial conditions. In a finite time the ensemble of dynamical trajectories will
closely fill the phase space I', without intersections. By averaging over the
ensemble we can answer the question of what the probability is that, at a
moment of time ¢, the system will be found in an element AI' = Ar; Av; of
the phase space I': R

dw = (f(r,-,v,-) )F dT. (2.6)

Here ( f(ri, v;) )r is a function of all the coordinates and velocities. It plays
the role of the probability distribution density in the phase space I' and is
called the statistical distribution function or simply the distribution function.
It is obtained by way of statistical averaging over the ensemble and evidently
corresponds to definition (2.3).

* * *

It is rather obvious that the same probability density can be obtained in
another way — through the averaging over time. The dynamical trajectory
of a system, given a sufficient time At, will closely cover phase space. There
will be no self-intersections; but since the trajectory is very intricate it will
repeatedly pass through the phase space element AT'. Let (At) . be the time
during which the system locates in AT'. For a sufficiently large At, which is
formally restricted by the characteristic time of slow evolution of the system
as a whole, the ratio (At)./At tends to the limit

Atl—IPoo (ﬁt) == dw (f(rlavza )) (27)

By virtue of the role of the probability density, it is clear that

I the statistical averaging over the ensemble (2.6) is equivalent to
the averaging over time (2.7) as well as to the definition (2.4).
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2.1.4 The derivation of a general kinetic equation

Now we have everything what we need to average the exact Liouville Equa-
tion (2.2). Since the equation contains the derivatives with respect to time ¢
and phase-space coordinates (r,v) the procedure of averaging over the inter-
val AX At is defined as follows:

£(X, 1) =§A—t //f(X,t)dth. (2.8)
AX At

Averaging the first term of the Liouville equation gives

s | [ G [ 5|35 [ 1ex] -

AX At
_of

At / = (2.9)

In the last equality the use is made of the fact that, by virtue of the second
postulate of statistics (2.5), the averaging of the smooth averaged function
does not change it.

Let us average the second term in Equation (2.2):

AXAt //""ar.,dth_AX /”"‘
AX At

& [ a]ox-

=§/va%de=va§—7i. (2.10)
AX
Here the index o = 1,2, 3.
In order to average the term containing the force F, let us represent it
as a sum of a mean force (F) and the force due to the difference of the real

force field from the mean (smooth) one:
F=(F)+F" (2.11)

Substituting definition (2.11) in the third term in Equation (2.2) and aver-
aging this term, we have

1 7, of
AX At //  Bug X di=
AX At
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- / / N
= Tm AX s | 37 ) AX At m G, X E=
AX At

_ (Fa) of 1 / F) of

m  Ovg + AX At m Bva
AX At

dX +

dX dt. (2.12)

Gathering all three terms together, we write the averaged Liouville equation
in the form

af (F) of
AV Vef+ L va—(—a—z>c,

(2.13)

where

of | _ 1 F, of
(E?)C_“Axm [ [ 5 X

AX At

(2.14)

Equation (2.13) and its right-hand side (2.14) are called the kinetic equation
and the collisional integral (cf. definition (1.35)), respectively.

Therefore we have found the most general form of the kinetic equation
with a collisional integral, which is nice but cannot be directly used in cosmic
plasma physics, without making some additional simplifying assumptions.
The main assumption, the binary character of collisions, will be taken into
account in the next Section, see also Section 2.5.3.

2.2 A collisional integral and correlation functions

2.2.1 The exact distribution function

We shall distinguish different kinds of particles, for example, electrons and
protons. With this aim we have to complicate the notation. Let f (r,v,?)
be the exact distribution function (2.1) of particles of the kind k, i.e.

Ni

Fe(x,v,t) = 6 (r —riil?) 8 (v — vii(t)), (2.15)

=1
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the index 7 denoting the ith particle of kind k, Ny being the number of
particles of kind k.

The force acting on a particle of kind k at a point (r,v) of the phase
space X at a moment of time ¢, ﬁ‘k,a (r,v,t), is the sum of forces acting on
this particle from all other particles. So the total force I:‘k,a (r,v,t) depends
upon the instant positions and velocities (generally with the time delay taken
into account) of all the particles and can be written with the help of the exact
distribution function as follows:

Fka(l‘ v,t) Z Z Fkla r,v,1i;(t), vii(t)) =

1 =1

=3 [ Fua(X,X0) £ (0, dXs. (2.16)
lX1

Here

N
frX,t) =37 86(X - Xu(t))
i=1
is the exact distribution function of particles of kind [/, the variable of inte-
gration is designated as X; = {r1,v; } and dX; = d3r; d3v;.

Formula (2.16) takes into account that the forces considered are binary
ones, i.e. they can be represented as a sum of interactions between two
particles.

Making use of the representation (2.16), let us average the force term in
the Liouville equation (2.2), as this has been done in (2.12). We have

0 fx
AXAt// P (r,v,0) Sk dX di =
AX At

TIIE or
= "'—Fkla XXI) fl(Xla ) fk(Xat) dXXmdtz
AX At & T4 Ova

1 1 -
= 5% | T [ Futa 030 x
AX X1

dX dX; . (2.17)

D
<
Q

ilﬁwmﬂmma
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Here we have taken into account that the exact distribution function f; (X1, t)
is independent of the velocity v, which is a part of the variable X = {r, v } re-
lated to the particles of the kind k, and that the interaction law Fkl,a (X, X1)
is explicitly independent of time t.

Formula (2.17) contains the pair products of exact distribution functions
of different particle kinds, as is natural for the case of binary interactions.

2.2.2 Binary correlation

Represent the exact distribution function fk as
fi (X,t) = fie (X, 8) + @x (X, 1), (2.18)

where fj (X,t) is the statistically averaged distribution function, ¢ (X, ) is
the deviation of the exact distribution function from the averaged one. In
general the deviation is not small, of course. It is obvious that, according to
definition (2.18),

Gk (X,t) = fi (X, 1) — fi (X,1);
hence
(@r (X,t)) =0. (2.19)

Consider the integrals of pair products, appearing in the averaged force
term (2.17). In view of definition (2.18), they can be rewritten as

_A%/fk(X,t)fl(Xl,t)dtzfk(Xat)fl(Xl,t)+fkl(X,X1,t), (2.20)
At

where )
[ (X, X1,t) = A7 /@k (X,t) @ (X1,t) dt. (2.21)
At

The function f; is referred to as the correlation function or, more exactly,
the binary correlation function.

The physical meaning of the correlation function is clear from (2.20). The
left-hand side of Equation (2.20) means the probability to find a particle of
kind k at a point X of the phase space at a moment of time ¢ under condition
that a particle of kind [ places at a point X; at the same time. In the
right-hand side of (2.20) the distribution function fi (X,t) characterizes the
probability that a particle of kind k stays at a point X at a moment of time ¢.
The function f; (Xi,t) plays the analogous role for the particles of kind {.
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If the particles of kind k£ did not interact with those of kind [
their distributions would be independent, i.e. probability densities
would simply multiply:

(i (X,1) fi(X1,0)) = fi (X, ) fi(X1,1). (2.22)
So in the left-hand side of Equation (2.20) there should be

fer (X, X1,t) = 0. (2.23)

In other words there would be no correlation in the particle distribution.
With the proviso that the parameter characterizing the binary interaction,
namely Coulomb collision considered below,

e? v?
Ci = (—”‘/<mT> ; (2.24)

is small under conditions in a wide range, the correlation function must be
relatively small:

if the interaction is weak, the second term in the right-hand side
of (2.20) must be small in comparison with the first one.

We shall come back to the discussion of this property in Section 2.4. This
fundamental property allows us to make a theory of cosmic plasma in many
cases of astrophysical interest.

2.2.3 The collisional integral and binary correlation

Now let us substitute (2.20) in formula (2.17) for the averaged force term:

[ [ L raonn 2 axa-
mg

v
AX At

AX At
1
=—A—:X_/ / anXXl——[kat)fl(Xl,)
+fkl(XaX1,t)]dXdX1=

=[x 5 [ X [ o Pua (X0 A1 X Xy +
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1 - 0
t5x7 [ 2 [ oo Paa (X X0) 5 fu (X, X1,8) dX dX; =
1 x mk 'Ua

af k (X ) t)
Ov, +

1 Afr (X, X1,t
+zl: / — Fra (X, X1) ﬂ(a—val—) dX . (2.25)
X1

1
= _'“Fk,a (Xat)
mg

Here we have taken into account that the averaging of smooth functions does
not change them, and the following definition of the averaged force is used:

1 4
FraX)= 5% [ 5 [ Fua(X,X1) fi(X0,0) dX dX; =
AX X1

=Y [ Fua(X,X1) £i (X1, 0) X1 (226)
l X1

This definition coincides with the previous definition (2.12) of the average
force, since

force Fy are taken care of in the deviations ¢, and ¢; of the real

I all the deviations of the real force 'y from the mean (smooth)
distribution functions fk and ﬁ from their mean values.

Thus the collisional integral can be represented in the form

) _ /L Ofr (X, X1, )
( 5 )C = zl:X o Fria(X,X1) B0 dX; . (2.27)
1

Moreover, if in the last term of (2.25) the binary interactions can be repre-
sented by smooth functions of the type exe; (| rx — 1y l)_2 with account of the
Debye shielding (Sections 2.5 and 6.2), then formally the velocity dependence
may be neglected.

Recall an important particular case considered in Section 1.2. For the
Lorentz force (1.31) as well as for the gravitational one (1.18), the condi-
tion (1.25) is satisfied:

9

5 > Fro(X,X1)=0. (2.28)
a
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In fact this condition was tacitly assumed from the early beginning, from
Equation (2.2). Anyway, in the case (2.28) we obtain from (2.27) the following
expession

(%JCT’C)C - 3va Z / Frio (X, X1) fu (X, X1,t) dX;. (2.29)

Hence the collisional integral, at least, for the Lorentz and gravity forces can
be written in the divergent form in the velocity space v:

ofk __ 0 .
o ) ~ Bug

where the flux of particles of kind & in the velocity space (cf. Fig. 1.4b) is

(2.30)

Jka (X,t) =) /El;Fkl,a (X, X1) fu (X, X1,8) dX; (2.31)

Therefore we arrive to conclusion that the averaged Liouville equation or
the kinetic equation for particles of kind &

Ofk (X, 1) Ofk (X,t) | Fra(X,t) 0fk (X,t) _
R 4 + =
ot ara mg 3va

_ ava Z / Fria (X, X1) fr (X, X1,8) dXy (2.32)

contains the unknown function fr;. Hence the kinetic equation (2.32) for
distribution function f} is not closed. We have to find the equation for the
correlation function fg;. This will be done in the next Section.

2.3 Equations for correlation functions

To derive the equations for correlation functions (in the first place for the
function of pair correlations f;), it is not necessary to introduce any new
postulates or develop new formalisms. All the necessary equations and aver-
aging procedures are at hand.
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Looking at definition (2.21), we see that we need an equation which will
describe the deviation of distribution function from its mean value, i.e. the
function ¢ = fk — fk- In order to derive such equation, we simply have to
subtract the averaged representation (2.32) from the exact Liouville equa-
tion (2.2). The result is

Ope(X,t) 0k (X,t) . Fio 0fs  Fra 0f _

ot * Org mi Ove ™k Ove
2 1
~ Ova ZI: /R;Fk”a (X, X1) fru (X, X1)dX; . (2.33)
Here
Fro(X,t)=3 /Fkla X, X1) fi (X1,t) dX, (2.34)
U %,

is the ezact force (2.16) acting on a particle of the kind k at the point X of
phase space, and

Fka(X t /Fkl,a X Xl)fl (Xl, )dX1 (2.35)
l X

is the statistically averaged force (2.26).
Thus the difference between the exact force and the averaged one is

F'Ic,a_Fk,a = /Flcla X Xl) (Pl (X1, )Xm (2.36)
l X,

We substitute it in Equation (2.33) where the difference of force terms can
be rewritten as follows:

Fro 0fc  Fra Ofk _ Froa—Fra 0fk . Fra 0@
p— — + .
my v, my Ovg mg Ovy mg Ovg

The result of the substitution is

Fro 0fx _ Fra 0fk _
my Ovg my OVq

3 1 R Ofk | Frka 0¢k
_Z/mk Frie (X, X1) ¢ (X1,t)dX, 9o. * g oun T

A
+y / -——F,C,Q(X X1) ¢ (X1,t)dX, a;p’“. (2.37)
l X1 a
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On substituting (2.37) in Equation (2.33) we have the equation for the
deviation @ of the exact distribution function fi from its mean value fi:
a@k (th) a(ﬁk (X7t)

ot T ara

Considering that we have to derive the equation for the pair correlation func-
tion

. =0. (2.38)

fkl (XlaX2at) = ((lbk (Xht) ¢7l (XZat) )a

let us take two equations:
one for @k (X1,1)

3¢k(X1,t) + a‘ﬁk(Xl,t) +

ot V1,0 67‘1’0[ .=0 (239)
and another for ¢; (X2,t)
o1 (Xa,t 0@ (Xo,t
UG R 1C. L) S (2.40)

v
at 2 By g

Add the equations resulting from (2.39) multiplied by ¢; and (2.40) multiplied
by @¢r. We obtain

L, 0@ ., 0@ 0Pk . op .,
Zhary + ¥k 5 +v1,aan,a¢z+’vz,aar2a<ﬁk+--- =0

)

or

9 (x &1) 9 (Px P1) 9 (P 1) _
—at——— + ’Ul’a a‘rl,a + 1)2,0, ‘—ag— + ces — 0 . (2.41)

On averaging Equation (2.41) we finally have the equation for the pair cor-
relation function in the following form:

Ofki Ofki Ofki
ot t Ul 0T1,a t V20 0T

Frao(X1) Ofst  Fira(X2) Ofu
+ +
mg 3’1)1,& mpg 67}2,a

0 1
T S [ o Pl (X4,X) foa (X, X)X +
n
X3

+

+

+

81)1,0

0 1
+ a fl Z /—Fln,a (X2’X3) f'n,k (X3,X1)dX3 =
V2,a n X3 my
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0

1
== o Z /—F’m,a (XI’XS) flcln (XI,X2,X3)dX3 —
'Ul,a n X my

0 1

- > /—Fln,a (X2, X3) frin (X1, X2, X3)dX3.  (2.42)
O0vaa 4 2o

3

Here

1 . N .
frin (X1, X2, X3,t) = x /‘Pk (X1,t) &1 (Xo,t) @n (X3,t)dt (2.43)
At

is the function of triple correlations (see also Problem 2.1).
Thus Equation (2.42) for the pair correlation function contains the un-
known function of triple correlations. In general,

the chain of equations for correlation functions can be shown to
be unclosed: the equation for the correlation function of sth order
contains the function of the order (s + 1).

2.4 Approximations for binary collisions

2.4.1 Small parameters of kinetic theory

In itself, the infinite chain of equations for the distribution function and cor-
relation functions does not contain more information than the initial Liouville
equation. Actually, the statistical mixing of trajectories in phase space with
subsequent statistical smoothing over the physically infinitesimal volume al-
lows to lose ‘useless information’ — the information about the exact motion
of particles. The value of the chain also allows a direct introduction of new
physical assumptions which make it possible to break the chain off at some
term and to estimate the resulting error. We call this procedure a well con-
trolled approximation.

There is no universal way of breaking the chain off. It is intimately related,
in particular, to the physical state of a plasma. Different states (as well as
different aims) require different approximations. In general, the physical
state of a plasma can be characterized, at least partially, by the ratio of
the mean energy of two particle interaction to their mean kinetic
energy (parameter (2.24)). If the last one can be reasonably characterized
by some temperature T' (see Section 7.1), then this ratio

2

i~ (ilS (k,T)7". (2.44)
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As a mean distance between the particles we take (1) ~ n~1/3. Hence the
ratio

e2 2

1/3
Gi= —Z5 (k1) ™" = € (2.45)

kB T
is termed the interaction parameter. It is small for a sufficiently hot and
rarefied plasma. So the thermal kinetic energy of plasma particles is much
larger than their interaction energy. The particles are almost free or
moving on definite trajectories in the external fields if the later are present.
We shall call this case the approximation of weak Coulomb interaction
(see, for example, consideration of the Debye-shielding effect in Section 6.2).
An existence of the small parameter allows us to have a complete description
of this interaction by using the perturbation procedure. Moreover such a
description is the simplest and the most exact one.
As a rule, the so-called plasma parameter

¢o=(nrd)” (2.46)

is a small quantity as well as it can be expressed in terms of the small in-
teraction parameter (Problem 2.2). The fact that {;, < 1 implies a large
number of plasma particles in a volume enclosed by the sphere of
the Debye radius (see Section 2.5.2). In many astrophysical applications
the plasma parameter (2.46) is really small (e.g., Problem 2.3).

While constructing the kinetic theory, it is natural to use the perturbation
theory with respect to the plasma parameter (. This means that

the distribution function f; must be taken to be of order unity,
the pair correlation function fi; of order (p, the triple correlation
function fx;, of order ¢ g, etc

We shall see in what follows that this principle has a deep physical sense in
kinetic theory of cosmic plasma.
2.4.2 The Vlasov kinetic equation
In the zeroth order with respect to the plasma parameter ¢, we obtain the
Vlasov equation with the self-consistent electromagnetic field (Vlasov, 1945):
Ofk (X, 1) Afx (X, 1)
ot T o,
1
+ — (E + - vXx B)

afk (X’t)

T =0 (2.47)
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Here E and B are fields obeying Maxwell’s equations

_ 10B o 0, q
curl E = vl divE =47 (p° + p9),
(2.48)
_10E 47 .q . _
curlB—EW+ - (j°+j%), divB=0,

where p? and j© are the densities of external charges and currents, p9 and j9
are the charge and current densities due to the plasma particles themselves:

Pt =3 e [ fulr,v,)dv, (2.49)
k

ji(r,t) = Z ek /ka (r,v,t)d3v. (2.50)
k

So, if we are considering processes which occur on a time scale much
shorter than the time scale of collisions, we may use a description which in-
cludes the electric and magnetic fields arising from the plasma charge density
and current density, but neglects the microfields responsible for bi-
nary collisions. This means that F’' = 0 in formula (2.11), therefore the
collisional integral (2.14) is also equal to zero.

The Vlasov kinetic Equation (2.47) together with the definitions (2.49)
and (2.50), and with Maxwell’s Equations (2.48) serve as a classic basis for the
theory of oscillations and waves in a plasma (e.g., Silin, 1971; Schmidt, 1979;
Benz, 1993) with small parameter ¢ and small correlational effects of higher
orders. The Vlasov equation is also a proper basis for kinetic theory of
wave-particle interactions in cosmic plasma (Chapter 5) and shock waves in
collisionless plasma (Section 11.4).

One of the natural limitations of the Vlasov equation is that it will not
make a plasma relax to a Maxwellian distribution (Section 7.2.4), since we
effectively neglect collisions by neglecting the binary correlation function.

2.4.3 The Landau collisional integral

In the first approximation with respect to the small plasma parameter ¢, we
find the Maxwellian distribution function and the effect of Debye shielding.
This is the subject of the Section 2.5.

Using the perturbation theory with respect to the small interaction pa-
rameter ; we find the kinetic equation with the collisional integral given by
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afs _ 0 .
(_BT)C_ %Jk,a, (2-51)

where the flux of particles of kind & in the velocity space (cf. formula (2.31))

is
. '/re,C InA / Ofx
J ko Z € { mla’Ulﬂ - fi medvrg |

(4 bop ;“"““) d3v,. (2.52)
U

Landau (1937)

Here u = v — vy is the relative velocity, d3v, corresponds to the integration
over the whole velocity space of ‘field’ particles I. In A is the Coulomb loga-
rithm which takes into account divergence of the Coulomb cross-section (see
Section 6.1.4).

The date of publication of the Landau (1937) paper may be considered as
the date of birth of the kinetic theory of collisional fully-ionized plasma. The
theory of collisionless plasma begins with the classical paper of Vlasov (1938).
In fact, these two approaches correspond to different limiting cases.
Landau takes into account only the part of the particle interaction which
determines dissipation while the Vlasov equation only allows for the average
field, and is thus reversible. In the Vlasov theory the question of the role of
collisions in the neighbourhood of resonances remains open.

Eight years later, the famous paper by Landau (1946) was devoted to this
problem. Landau used the reversible Vlasov equation as the basis to study
the dynamics of a small perturbation of the Maxwell distribution function.
In order to solve the linearized Vlasov equation (Section 5.1.1), he made use
of the Laplace transformation, and defined the rule to avoid a pole in the
divergent integral (see Section 5.1.2) by the replacement w — w +10.

This technique for avoiding singularities may be replaced by a differ-
ent procedure. Namely it is possible to add a small dissipative term
—vf (1)(r, v,t) to the linearized Vlasov equation. In this way, the Fourier
transform of the kinetic equation involves the complex frequency w = w'+iv,
leading with ¥ — 0 to the same expression for the Landau damping (see
Section 5.1.2).

Thus there are two different approaches to the description of plasma os-
cillation damping. The first is based on formal mathematical regularization
of the Cauchy integral divergence. In this technique the physical nature of
the damping is not considered, and the initial equation remains reversible.
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The second approach reduces the reversible Vlasov equation to an irre-
versible one. Although the dissipation is assumed to be negligibly small, one
cannot take the limit » — 0 directly in the master equations: this can be done
only in the final formulae. This second method of introducing the Landau
damping is more natural. It shows that collisions play the principal role
in the physics of collisionless plasma. It is this approach that has been
adopted in Klimontovich (1986). A more comprehensive solution of this prin-
cipal question, however, can only be obtained on the basis of the dissipative
kinetic equation.

The example of the Landau resonance and Landau damping demonstrates
that some fundamental problems still remain unsolved in the kinetic theory
of plasma. They arise from inconsistent descriptions of the transition from
the reversible equations of the mechanics of charge particles and fields to the
irreversible equations for statistically averaged distribution functions (e.g.,
Klimontovich, 1998).

2.4.4 The Fokker-Plank equation

The smallness of the interaction parameter (; signifies that, in the Landau
collisional integral, the distant Coulomb collisions are taken care of as the
interactions with a small momentum transfer (Section 6.1). It comes as
no surprise that the Landau integral is a particular case of the Fokker-Planck
equation (Fokker, 1914; Plank, 1917). The latter generally describes the
distribution function change due to nonstop overlapping weak collisions
resulting in particle diffusion in velocity space:

of\ __ 9 92
(E)c—_'aTa[“ame[baﬂf]- (2.53)

The Fokker-Planck equation formally coincides with the diffusion equation
(which is irreversible of course) for some admixture with concentration f in
an ezternal field. The coefficient b,g plays the role of the diffusion coefficient
and is equal to

1
bog = 3 (0vap) av ! (2.54)

i.e. is expressed in terms of the averaged velocity changes in elementary acts
— distant collisions:

(6vap) 5, = (Ve dvg) . (2.55)
The other coefficient is

aq = (0vq) 5, = (0Vq ) . (2.56)
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In order to find the mean values appearing in the Fokker-Planck equation, we
have to make clear the physical and mathematical sense of expressions (2.55)
and (2.56).

The mean values of velocity changes are in fact statistically averaged and
determined by the forces acting between a test particle and scatterers (field
particles or waves). Because of this, these averaged quantities have to be
expressed by the collisional integral with the corresponding cross-sections
(Problem 2.4). For electrons and ions in a plasma, such calculations can be
made and give the Landau integral. The kinetic equation found in this way
will allow us to study the Coulomb interaction of accelerated particle beams
with cosmic plasma (Chapter 3).

During the motion of a flux of accelerated particles in a plasma a reverse
current of thermal electrons is generated, which tends to compensate the
electric current of accelerated particles — the direct current. The electric
field driving the reverse current makes a great impact on the particle flux
kinetics. That is why, in order to solve the problem of accelerated particle
propagation in, for example, the solar atmosphere, we inevitably have to
apply a combined approach, which takes into account both the electric
field influence on the accelerated particles (as in the Vlasov equation) and
their scattering from the thermal particles of a plasma (as in the Landau
equation; see Section 3.5).

The Landau collisional integral is effectively used in many problems. It
permits a considerable simplification of the calculations of many quantities
determined by collisions of charged particles, such as the viscosity coefficient,
thermal conductivity, electric conductivity, etc. (Section 7.2.4).

2.5 The correlation function and Debye shielding

2.5.1 The Maxwellian distribution function

Consider the stationary (8/8t = 0) solution to the equations for correlation
functions, assuming the plasma parameter (, to be small and using the
method of successive approximations in the following form. We set
fxi = 0 in the averaged Liouville equation (2.32) for fi, then assume that the
triple correlation function fy, is zero in Equation (2.42) for the correlation
function fx; etc.

The plasma, is supposed to be stationary, uniform and in the thermody-
namic equilibrium state, i.e. the particle velocity distribution is assumed to
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be a Maxwellian function

2
fr(X) = fr (v?) = cg exp (— ;7:%) : (2.57)

The constant ¢ is determined by the normalizing condition and equals

o ( mg )3/2
PR ok, T )

It is obvious that the Maxwellian function (2.57) satisfies the kinetic equa-
tion (2.32) under assumption made above if the average force is equal to
Zero:

Fra(X,t) = Fia(X) = 0. (2.58)
Since we will need the same assumption in the next Section, we shall justify
it there.

2.5.2 Pair correlations and the Debye radius

To a first approximation, i.e. with account of fx; # 0, the distribution func-
tion is also uniform with respect to its space variables. Substitute (2.57) in
Equation (2.42), neglecting all the interactions except Coulomb ones. For
the latter, in circumstances where the averaged distribution functions for the
components are uniform, we obtain the following expression for the averaged
force (2.26):

Fro(Xy) = /Fkla (X1,X2) fi(X2)dX, =
A
_Z/Fkla r1,r2) d’ry /fz va)d3vy =
A

_/Z ( Al >n1d3r2=
] 3’!‘1,& |I'1 —TI9 |
ra

a ( €k ) 3
=— d°ry - nie =0, 2.59
r[arl,a 1o 2 Zl: L€l (2.59)

if the plasma is assumed to be gquasi-neutral (see also Section 6.2), or more
exactly if here

Z'I’Llel=
l

(2.60)
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Balanced charges of ions and electrons determine the name plasma
according Langmuir (1928). So the average force (2.26) is equal to zero in
the electrically neutral plasma but is not equal to zero in gravitational systems
(Section 7.2.4).

As a first approximation, on putting the triple correlation function fii, =
0, we obtain from Equation (2.42), in view of condition (2.59), the following
equation for the binary or pair correlation function fy;:

Ofki Ofrl

V1,0 V2,0 73—
’ 67‘1’& ’ 67‘2,0

=——Z/{mikan,a(X17X3) fnl(X3,X2)

Ofk
ov 1,0

+

1 0
+ — Fin,a (X2, X3) fak (X3, X1) fi } dX3. (2.61)
my 61)2,(1

Consider the particles of two kinds — electrons and ions, assuming the
ions to be motionless and homogeneously distributed. Then the ions do not
take part in any kinetic processes; hence ¢; = 0 for ions and the correlation
functions associated with ¢; equal zero as well:

fii=0, fei=0 etc. (2.62)
Among the pair correlation functions, only one has a non-zero magnitude
fee (XI,X2) =f (XlaX2)' (2'63)

Taking into account (2.62), (2.63), and (2.57), rewrite Equation (2.61) as
follows

e
X3) f (X3, X3) fe(v1)+
+va - F (X3, X3) f (X1, X3) fe (v2)] dXs. (2.64)

Since v; and vy are arbitrary and refer to the same kind of particles (elec-
trons), Equation (2.64) takes the form

of _

or,  k,T /F (X1,X3) f(X3,X2) fe(v1)dXs. (2.65)
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Taking into account the character of Coulomb force in the same approx-
imation as in formula (2.59) and assuming the correlation to exist only be-
tween the positions of the particles in space (rather than between velocities),
let us integrate both sides of Equation (2.65) over d3vy d3vy. The result is

Og (r1,r2) / 3
o = k 7 r1|r1 g (r2,r3)d"r3. (2.66)

Here the function
g(r1,r2) = // (X1, X3) d3vy dPvs. (2.67)
Integrate Equation (2.66) over r; and designate the function

g(ri,r2) =g(r),

where 712 = |r; — ra|. We obtain the equation

T
g ( 12 7"13
Its solution is
Co T
= — _ 2.
g(r) == exp( =), (268)

where

kBT 1/2
"> = (47m62 )
(2.69)

is the Debye radius. It will be defined in just this way (see formula (6.28))
for the case when the shielding is due to the particles of one kind — due to
electrons. A more general formula for the Debye radius will be derived in
Section 6.2.

Thus the Debye radius is shown to be a characteristic length scale for the
pair correlation function.

The constant of integration cg can be found, to complete this Section, by
solving the Poisson equation for the potential ¢ (more justification is given
in Section 6.2):

- _ o A | g
Ap = 47ren{1 [1+ - exp( ""D)]}
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4recy T
=n—— exp (——T—) . (2.70)

D

Here it is taken into account that
// (fr (X1) fi (X2)) d3vid3vy = ng (r1) my (r2) + g (T1,T2) -
Vi V2

The general solution of Equation (2.70) in the spherically symmetric case,
i.e. the solution of equation

1 d? 4mecy T
;372'(7”90): . P\ ™

is of the form

Since, as r — 0, the potential ¢ takes the form (—e)/r, c1 = c2 =0, and the

only non-zero constant is
1

_W . (2.71)

Co =

Substituting (2.71) in solution (2.68) gives the sought-after pair correlation
function, i.e. the velocity-integrated correlation function

1 1 r e? 1 r
g(r)=- - exp <—-—-) = - — exp (——) . 2.72
drrinr b kT r o (272)

r

Formula (2.72) shows that

l the Debye radius is a characteristic length scale of pair correlations
in a fully-ionized equilibrium plasma:

9)~ > exp(-).

r Tp

(2.73)

This result proves to be fair in the context of Section 6.2 where the De-
bye shielding will be considered in another approach. Comparison of for-
mula (2.73) with (6.27) shows that
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the binary correlation function reproduces the shape of the shielded
Coulomb potential.

It is known that cosmic plasma can exhibit collective phenomena arising
out of mutual interactions of many charged particles. Since the Debye radius
r, is a characteristic length scale of pair correlations, the number nrf’) gives
us a measure of the number of particles which can interact simultaneously.
The inverse of this number is the plasma parameter (2.46).

2.5.3 Gravitational systems

There is a fundamental difference between plasma and the gravitational sys-
tems with potential (1.18), for example, the stars in a galaxy. This difference
lies in the nature of the gravitational force: there is no shielding to vitiate
this long-range 1/r2 force. The conventional wisdom of such system dynamics
(e.g., Binney and Tremaine, 1987) asserts that the structure and evolution
of a collection of N self-gravitating point masses can be described by the
collisionless kinetic equation, the gravitational analog of the Vlasov equation
(Problems 2.5 and 11.7). On the basis of what we have seen above,

the collisionless appoach in gravitational systems, i.e. the entire
neglect of particle pair correlations, constitutes an uncontrolled
approximation.

Unlike the case of plasma, we cannot derive the next order correction to
the collisionless kinetic equation in the context of a systematic perturbation
expansion.

Physically, this means that there is no shielding. This is manifested
by the fact that the 1/r potential yields an infinite cross-section, so that,
when evaluating the effects of collisions in the usual way (Section 6.1.4) for
an infinite homogeneous system, we encounter logarithmic divergences in the
limit of large impact parameter (formula (6.15)).

We may hope to circumvent this difficulty, the problematic Coulomb log-
arithm of gravitational dynamics, by first identifying the bulk mean field
force (F) in definition (2.11), acting at any given point in space and then
treating fluctuations F' away from the mean field force. This splitting into a
mean field plus fluctuations can be introduced formally (e.g., Kandrup, 1998)
and allows one to write down the collisional integral of the type (2.14). How-
ever, this is difficult to implement concretely because of the apparent absence
of a clean separation of time scales.
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For the N-body problem with N >> 1 we might expect that these fluctua-
tions are small, so that their effects do in fact constitute a small perturbation.
So it is assumed that, on long time scales, one must allow for discreteness
effects, described by the Fokker-Plank equation (2.53) or the kinetic equation
with the Landau collisional integral (2.51).

Given that theoretical analyses have as yet proven inconclusive, one might
instead seek resource to numerical experiments. This, however, is also difficult
for gravitational systems not characterized by a high degree of symmetry.
There is in fact only one concrete setting where detailed computations have
been done, namely the toy model of one-dimensional gravity.

In summary, even though a mean gravitational field theory based on
the Vlasov equation may seem well motivated physically, there is as yet no
rigorous proof of its validity and, in particular, no rigorous estimate as to the
time scale on which it might be expected to fail.

Hydrodynamic description of gravitational systems has a difficulty of the
same origin. The gravitational attraction cannot be screened (Section 7.2.5).

2.6 Comments on numerical simulations

At present, cosmic plasma processes are typically investigated in well develo-
ped and distinct approaches. One approach, described by the Vlasov equa-
tion, is the collisionless limit used when collective effects dominate. In cases
where the plasma dynamics is determined by collisional processes in external
fields and where the self-consistent fields can be neglected, the Fokker-Planck
approach is used. At the same time, it is known that

both collective kinetic effects and Coulomb collisions can play an
essential role in a great variety of astrophysical phenomena

starting from the most simple one — propagation of fast particles in cosmic
plasma (Chapter 3). Besides, as was mentioned in Section 2.4.3, collisions
play the principal role in the physics of collisionless plasma. Taking
collisions into account may lead not only to quantitative but also qualitative
changes in the plasma behaviour, even if the collision frequency v is much
less than the electron plasma frequency.

It is known that, even in the collisionless limit, the kinetic equation is
still too difficult for numerical simulations, and the particle methods are the
most widely used algorithms. In these methods, instead of direct numerical
solution of the kinetic equation, a set of ordinary differential equations (which
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are the characteristics of the Vlasov equation) for every ‘macroparticle’ is
solved.

In the case of a collisional plasma, the position of a macroparticle satisfies
the usual equation of the collisionless case

- ﬁdtf —v(t), (2.74)

but the momentum equation is modified owing to the Coulomb collisions.
They are described by the Fokker-Planck operator (2.53) which introduces
a friction (the coefficient ao) and diffusion (the coefficient bog) in velocity
space. Thus it is necessary to find the effective collisional force F which acts
on the macroparticles:

v

%t— - % (F, +F.). (2.75)
The collisional force can be introduced phenomenologically (e.g., Jones et
al., 1996) but a more mathematically correct approach can be constructed
using the stochastic equivalence of the Fokker-Planck and Langevin equations
(see Cadjan and Ivanov, 1999). So, stochastic differential equations can
be regarded as an alternative to the description of a cosmic plasma in terms
of distribution function.

The Langevin approach allows to overcome some difficulties related to the
Fokker-Planck equation and to simulate plasma processes, taking account of
both collective effects and Coulomb collisions. Generally, if we want to con-
struct an effective method for the simulation of complex nonlinear processes
in cosmic plasma, we have to satisfy the following obvious but conflicting
conditions.

First, the method should be adequate for the task in hand. For a number
of problems the application of simplified models of the collisional integral
can provide a correct description and ensure good accuracy. The constructed
model should describe collisional effects with the desired accuracy.

Second, the method should be computationally efficient. The algorithm
should not be extremely time-consuming. In practice, some compromise be-
tween accuracy and complexity of the method should be achieved. Otherwise,
we restrict ourselves either to a relatively simple setup of the problem or to
a too-rough description of the phenomena.

A ‘recipe’: the choice of a particular collisional model (or a model of the
collisional integral) is determined by the importance and particular features
of the collisional processes in a given astrophysical problem.

A\



2.7. Practice: Problems and Answers 49

2.7 Practice: Problems and Answers

Problem 2.1. By analogy with formula (2.20), show that
(fk (Xl’t) fl(X%t) fn (X3at)> = (276)

= fi (X1,t) fi(X2,t) fn (X3,) +
+ fe (X1,1) fin (X2, X3,t) + fi (X2,1) fin (X1, X3,8) +
+ fn (X3,1) fiu (X1, X2,8) + frn (X1, X2, X3,¢).

Problem 2.2. Show that the interaction parameter

Gi= 2, (2.77)

47 P

if the Debye radius is given by formula (2.69). Discuss the difference between
¢i and (p.

Problem 2.3. How many particles are inside the Debye sphere in the solar
corona?

Answer. From formula (6.26) for the Debye radius in two-component
equilibrium plasma (see also formula (6.75) in Problem 6.3) it follows that
for electron-proton plasma with T~ 2 x 106K and n = 2 x 108 cm™3 the
Debye radius

kT 1/2 T 1/2
'[‘D = (m) ~ 4.9 (;) ~ 0.5 cm. (2.78)

D 3 D ( )

Hence the typical value of plasma parameter (2.46) in the corona is really
small: (, ~ 1078

Problem 2.4. Express the collisional integral in terms of the differential
cross-sections between particles (e.g., Smirnov, 1981).

Problem 2.5. Following Section 2.4.2, write and discuss the gravitational
analog of the Vlasov equation.
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Answer. The basic assumption underlying the Vlasov equation is that
the gravitational N-body system can be described probabilistically in terms
of a statistically smooth distribution function f (X,t). The Vlasov equation
manifests the idea that this function will stream freely in the self-consistent
gravitational potential ¢ (r,t) (cf. (1.18)) associated with f (X,t), so that

of(X.t) . 0f(X,t) 94 Of (X,t)

ot e Bra v, O (280)

Here
A¢ = —4nGp (r,t) (2.81)

and
p(r,t) = /f(r,v,t)dsv. (2.82)

Note that, in the context of the mean field theory, a distribution of particles
over their masses has no effect.

Applying for example to the system of stars in a galaxy, Equation (2.80)
indicates that the net gravitational force acting on a star is determined by the
large-scale structure of the galaxy rather than by whether the star happens to
lie close to some other star. The force on any star does not vary rapidly, and
each star is supposed to accelerate smoothly through the force field generated
by the galaxy as a whole.

In fact, encounters between stars may cause the acceleration v to differ
from the smoothed gravitational force —V¢ and therefore invalidate Equa-
tion (2.80). Gravitational encounters are not screened, they can be
thought of as leading to an additional collisional term on the right side of the
equation — a collisional integral. However, very little is known mathematically
about such possibility as we can see in Section 2.5.3.
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Propagation of Accelerated
Particles in Cosmic Plasma

Among a variety of kinetic phenomena related to fast particles in
space, the simplest effect is Coulomb collisions under propagation of
the particles in a plasma.

3.1 Derivation of the basic equation

3.1.1 Basic approximations

Among a rich variety of kinetic phenomena related to accelerated fast elec-
trons and ions in space (e.g., Kivelson and Russell, 1995) let us consider in
this Chapter only the simplest effect — Coulomb collisions under propagation
of fast particle beams in a fully-ionized thermal plasma. We shall assume that
there exists some external (background) magnetic field By which determines
a direction of fast particle propagation and which can be locally considered
as a uniform one.

Electric and magnetic fields, E and B, related to a beam of fast particles
will be discussed in Section 3.5. Heating of plasma will be considered, for
example, in Section 6.3. So, untill this will be necessary,

accelerated particles will be considered as ‘test’ particles that do
not influence the background plasma and magnetic field By.

Let f = f (¢, r, v) be an unknown distribution function of test particles. In
what follows, ¢ = Ze and m = Amy, are electric charge and mass of a test
particle, respectively.
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Let us restrict a problem by consideration of fast but non-relativistic par-
ticles interacting with background plasma which consists of thermal electrons
(m1 = me and e; = —e) and thermal protons (mg = m,, and ez = +e¢). Both
components of a plasma are in thermodynamic equilibrium. Using the kinetic
equation with the Landau collisional integral (2.51) we obtain
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Here u = v — v; is the relative velocity, d3v; corresponds to the integration
over the whole velocity space of the plasma particles | = 1, 2. They are
distributed by the Maxwellian function (2.57):

d3v;. (3.2)
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For simplicity we assume T, = T, = T as well as n, = n, = n. Also for
simplicity we shall consider the stationary situation (8/0t = 0). Moreover we
shall assume that the distribution function f depends on one spatial variable
- the coordinate z measured along the field By, on the value of velocity v
and the angle @ between the velocity vector v and the axis z. Therefore

f=7f(z,v,0). (3.5)

It is easy to see that, in this case, the term containing the Lorentz force,
related to the external field By, in Equation (3.1) is equal to zero. Under
ussumptions made above, Equation (3.1) takes the following form:

of 10 /,. 11 8,. ..
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The distribution function f is not an isotropic one. So, the angular compo-
nent jg of the particle flux is not equal to zero.
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3.1.2 Dimensionless equation

Let us introduce the dimensionless non-relativistic energy of test particles

mv? (me
T 2k, T (?{) (37)
and the dimensionless column depth along the magnetic field
¢=¢/E. (3.8)
Here
z
€= /n(z) dz, cm™2, (3.9)

0
is the dimensional column depth passed by test particles along the 2 axis; the
unit of its measurement is

- k2 T2 m 2

=B [ — -2
13 YR ( ) , cm™*. (3.10)
Equation (3.6) in the dimensionless variables (3.7) and (3.8) takes the

following form (Somov 1982):
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which is the error function. The dlffusmn coefficient over the angle 6

1 {[erf(\/i)
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me \7? [ erf (vVX) 2
+ (m_p> [—-\/_T—(2X -1+ 7_7-; exp(—X)] , (3.13)
and 1 8 P

is the #-dependent part of the Laplace operator.
To point out the similarity of the equation obtained with the Fokker-Plank
equation (2.53), let us rewrite Equation (3.11) as follows:

2
VEcost 5k = 2 [F@)f ] + 5 505 [D@)f]+ Do(o) daf.  (314)

Here the first coefficient

dD. m 1
Fa) = - (= + 5 ) .
@ =3~ (e +55) D@ (3.15)
characterized the regular losses of energy when accelerated particles pass
through the plasma. The second coefficient

D(z) = 2D,(z) (3.16)

describes the energy diffusion. The third coefficient Dy(z) corresponds to
the fast particle diffusion over the angle 6.

Kudriavtsev (1958) derived the time-dependent equation which has the
right-hand side similar to the one in our Equation (3.11) but for the isotropic
distribution function f = f(¢,z) for fast ions in a thermal plasma. By using
the Laplace transformation, Kudriavtsev solved the problem of maxweliza-
tion of fast ions that initially had the mono-energetic distribution f(0,z) ~
d(z — zg). The same problem has been solved numerically by MacDonald,
Rosenbluth, and Chuck (1957). (Note that in formula (8) by Kudriavtsev
for the ‘radial’ component j, of the fast ion flow in the velocity space, the
factor /7 must be in the nominator but not in the denominator.) Both so-
lutions (analytical and numerical) show, of course, that the higher the ion
energy, the longer the maxwellization process.

In the particular case when all the particles are the same (m = me =
mp), the right-hand side of Equation (3.11) can be found, for example, by
using the formulae for the Fokker-Plank coefficients (2.56) and (2.54) from
Balesku (1963).



3.2. Kinetic Equation at High Speeds 55

3.2 A kinetic equation at high speeds

Bearing in mind particles accelerated to high speeds in a cosmic plasma, let
us consider some approximations and some solutions of the kinetic Equa-
tion (3.11) that correspond to these approximations. First of all, we shall
assume that the dimensionless energy (3.7) of the fast particles

z>1. (3.17)

This means that speeds of the particles are much higher than the mean ther-
mal velocity of plasma electrons (6.12). However, for simplicity, we restrict
the problem by consideration of the fast but non-relativistic particles.

Under condition (3.17), we obtain from (3.12) and (3.13) the following
simple formulae for the coefficients in the kinetic Equation (3.11):

Dy(z) = % (1 + %) , (3.18)
Dy(z) = 2:101/5' (3.19)

It is not taken into account here yet that m, <« my. The first term on
the right-hand side of formula for D, (see the unit inside the brackets) is a
contribution of collisions with the thermal electrons of a plasma, the second
term (see the ratio me/myp) comes from collisions with the thermal protons.
However, the electrons and protons give equal contributions to the angular
diffusion coefficient Dy. This is important to see when we derive formula
(3.19) from (3.13).

Under the same assumption, the Fokker-Plank type equation (3.14) has
the following coefficients:

D(z) = % (1 + %) , (3.20)
m 1 me 1
F(l‘):—'rn—e% (1+E—1‘—> ’ (321)

and the same coeflicient of angular diffusion Dy(z) of course.
Formulae (3.18) and (3.20) demonstrate that

energy diffusion due to collisions with thermal electrons is faster in
mp/me times than that due to collisions with thermal protons.
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However, the angular diffusion rate is equally determined by both electrons
and protons in a plasma.

Since £ > 1 and m > me, the second term on the right-hand side of the
formula for F(z) is always smaller than the first one. Taking into account
that me < m;, we also neglect the second term in formula for D(z). Hence,
in approximation under consideration,

m 1 2 D(x)__l_
me VT Ve TP T e

Let us estimate a relative role of the first and second terms on the right-
hand side of Equation (3.14). Dividing the former by the last with account
of (3.22) taken gives the ratio

F(z)=—- (3.22)

2cF(z) m
which is always much greater than unity. So, for fast particles with speeds
much greater than the thermal velocity of plasma electrons,

the regular losses of energy due to Coulomb collisions always
dominate the energy diffusion.

However, the energy diffusion may appear significant near the lower energy
boundary £; of the fast particle spectrum if & = ki T. This seems to be
the case of electron acceleration in high-temperature current sheets in solar
flares (Chapters 17 and 18). However, this simply means that, near the lower
energy £ = 10 keV, the initial assumption (3.17) becomes invalid. Instead
of (3.17), z — 1; so we have to solve exactly Equation (3.11).

Compare the first and third terms on the right-hand side of (3.14). Di-
viding the former by the last with account of (3.22) taken gives the ratio

F(z) _ m
2De(d) = 2 (3.24)

For fast protons and heavier ions, we neglect angular scattering in comparison
with the regular losses of energy.

For fast electons formula (3.24) shows that it is impossible to ne-
glect the angular diffusion.

Since the case of fast electrons will be considered later on in more detail, let us
rewrite the non-relativistic kinetic equation in the high-speed approximation
as follows:
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Recall that the energy diffusion is neglected in (3.25) according to (3.23).

3.3 The classical thick-target model

We have just seen that, in the fast electron kinetic Equation (3.25), it is not
reasonable to neglect the angular diffusion. Let us, however, consider the well-
known and widely-used model of a thick target (Brown, 1971; Syrovatskii and
Shmeleva, 1972). From Equation (3.25), by neglecting the angular diffusion,
we obtain the following equation

of 10f

With a new variable y = {/u, where u = cos 6, this equation becomes espe-
cially simple:

19f of _

29 By (3.27)
General solution of this equation can be written as
z2
f(a"ay) =F _é_ +yl, (328)

where F is an arbitrary function of its argument. Note that pu = const,
because we have neglected the angular diffusion; so the fast electrons move
along straight lines § = const without any scattering.

Consider the initial (y = 0) energy distribution of fast electrons — the
injection spectrum — as a power law:

f(2,0) = coz™ O(z — 21) O(z2 — z) po(k) - (3.29)

Here O(z) is the teta-function; po(u) is the angular distribution of fast elec-
trons, for example, for a beam of electrons injected parallel to the z axis

o) = 7z 8 (= 1) (3:30)
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According to (3.28) the general solution of the kinetic equation for the
fast electrons at the column depth y has the following form:

2

f(z,y) =co2” 70/2(

—0/2
TH) el-soE-amu,  (ay

1/2
where z{ , = Re (:1312,2 — 2y) /

Let us consider the normalization condition for the distribution function,
first, in the dimensional variables z, v, and 6 (see definition (3.5)). If ny(z)
is the density of electrons in the beam at distance z from the injection
plane z = 0, then

oo
ny(z) = //f 2z, v, 0) vidv 27 sinfdh, cm™3. (3.32)
00

Now rewrite the same normalization condition in the dimensionless variable
¢, z, and p:

2k, T

nb(g)=7r< ) 27/1f ¢, z, p) Ve drdy, cm3. (3.33)
0 -1

For initial energy distribution (3.29) and initial angular distribution (3.30),
formula (3.33) gives

3/2 L2 L2
np(0) = (2]::T) Co / g~/ 2 gy = / N(0,z)dz, cm™3. (3.34)
(3]
z1
Here
2% T 3/2
N(0,z)=m ( f: ) coz" "2 Q(z — 2,) O(zg — ) (3.35)
(]

is the differential spectrum of the fast electron density at the boundary ¢ =0
where they are injected.

To use the same notations as in Syrovatskii and Shmeleva (1972) let £ be
the kinetic energy of fast electrons measured in keV. Then we rewrite (3.35)
as

N(0,6) = KEOHY) (6 — £)0(E, - €), cm 3keV™, (3.36)
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where the coefficient

3/2 v+1/2
K=m (21::?) c